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Stabilized Runge-Kutta methods for second order differential :ions

vithout first derivatives

oy

P.J. Van Der Houwen

ABSTRACT

Second and third order Runge-Kutta formulas are presente the in
jration of systems of second order differential equations wi first
lerivatives. These methods are characterized by their low st requir
nents and their relatively large real stability interval whi e then
suitable for the integration of second order partial differe equati
>f hyperbolic type. The new methods are compared with the me which
irise when the second order equations are transformed to fir er for
ind treated by stabilized Runge-Kutta methods for first orde tions.
[t turns out that a gain factor larger than 2 and in some fo up to

Ls obtained.

(EY WORDS & PHRASES: Runge-Kutta formulas, difference schem econd
order differential equations, hyperbol ations
extended stability region.
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. INTRODUCTION

Runge-Kutta methods for second order differential equations with pre-
cribed initial values are well known in the literature (e.g. ZONNEVELD
19641, FEHLBERG [1972]). So far the investigations of these methods have
een mainly concentrated on improvement of the order of accuracy; we do not
now of any work on the improvement of the stability region of Runge-Kutta
ethods for second order equations. In this paper we start with an investi-
ation of how the stability region can be extended by increasing the number
f stages (function evaluations) of the formula. In particular, the maxi-
ization of the negative stability interval will be considered. This means
hat the formulas developed in this paper are only relevant for equations
here the Jacobian matrix of the right-hand side has negative eigenvalues.
he results presented here are only partial. For instance, we did not suc-
eed in analyzing the general case with first derivative but had to restrict

ur considerations to problems of the type

2-

1.1) d—§=T(§),
dx

and d;/dx being prescribed at x = x_.. The conditions for optimally stabi-

0
ized formulas of second and third order are derived. In the second order
ase we satisfied these conditions for the general m-point formula; in the
nird order case we only satisfied the conditions for two-point formulas.

ne resulting stability conditions are, respectively,

2m

1.2) h < —m—m— for p = 2
n Vo(Jl)

ad

1.3) h < _2:66_ for p=3, m= 2,
BERCIEN)

:re, hn denotes the integration step x - X and o(Jl) the spectral ra-

n+l
tus of the Jacobian matrix J] of the function f.




It may be interesting to compare the above stability conditions with
he conditions which are obtained when equation (1.1) is first written in

irst order form, i.e.

>
dy _ 3
dx
1.17)
>
dz _ 2>
a’ = f(Y)s

nd then solved by a stabilized Runge-Kutta method for first order equations.

ince the Jacobian matrix of the right-hand side of (1.1') is given by

o =3 o)

> have eigenvalues of the form +/§, where 6 are the eigenvalues of Jy-
nce, when J, has negative eigenvalues, we have purely imaginary eigen-
1lues in the first order representation (1.1'). It is known (cf. VAN DER
JUWEN [1972]) that the stability condition for second order Runge-Kutta

:thods with optimal imaginary stability interval reads

1.5) h_ < m=1,2,2i+1, i=1,2,...,

lere 0(J) denotes the spectral radius of J. Seeing that
.6) o(J) = Vo3 ),

: may conclude from (1.2) and (1.5) that a reduction to first order form
tkes the maximal allowable integration step a factor (m-1)/2m smaller than
.rect integration of the second order equation. For third order accuracy,
1e classical Heun formula is available with an imaginary stability limit

: /3, Since Heun's formula requires 3 right-hand-side evaluations we have
‘fectively a stability limit of v3/3 £ .5, whereas (1.3) yields an effec-
ve stability limit of 2.66/2 ¥ 1.3, i.e. more than twice as large.

Apart from a relaxed stability condition, the new formulas have the




-~

dvantage that at the cost of a slightly smaller maximal integration step,

erturbations due to rounding errors can be damped out by an appropriate

hoice of some control parameter.

Finally, the new formulas are chosen in such a way that storage require-

ents are low, so that they are suitable for the integration of partially

iscretized hyperbolic equations, e.g. the wave equation.

In the near future numerical

ew formulas.

. CONSISTENCY CONDITIONS

results will be reported obtained by the

The general m-point Runge-Kutta method for the autonomous, second order

ystem
% -
-> >
2.1) =3 =13,
dx dx

eads as follows:

20) _ > 2(0)

Ya+1 T Yn? Yo+l yn’
>(3) _ (0) >(0) 22(8)
n+1  Tn+l UJ n" n+l z AJZhn¥n+l’
2.2)
2>G) _ 30 €2)
n+l  “n+l Z Bthnfn+l’
- _ =>(m) >, _ =>(m) _
Yn+1 = Yn+1? e T Yo+ M L.
ere, ;n+1 and y e+l denote the numerical approximations to the solution ;

. > .
nd its derivative dy/dx at the point x = X + hn; furthermore, we have

FG® gwy ),

In+1? n+1 n+l’

he order equations for scheme (2.2) are well known and can be found in,

.g., ZONNEVELD [1964] and FEHLBERG [1972]. Therefore, we only present the




inal conditions for orders p up to 3 (see table 2.1). These conditions
5>1ld for the general second order equation (2.1). When the first derivati
des not occur in the right-hand side, the last condition in table 2.1 me
2 omitted. It should be remarked that table 2.1 presents for p = 3 the
additional” conditions, i.e. the conditions for p = 3 consist of the cor

itions listed for p = 2 and p = 3.

Table 2.1. Consistency conditions for scheme (2.2)

mil 1 mil m-z-l 1
= 2 by = =, B = ]’ B u, ==
=0 mf 2 2=0 mf 4=1 m 2 2
m-z.] AmeMy = 'é"’ mil B z“i = %’
2=1 g=1 T
=3
mg:] R,il 1
B By:H, = =
4=2 mL j=1 L3782 6
, STABILITY ANALYSIS
Let us introduce the vectors
+(9) ()
y
. n+1 . n+l
.+
1) 2 2 LW . :
>(3) (i)
hnwn+l : %ﬁ+l

en we can represent scheme (2.2) in a more compact form by

L)
.2) n

-
= +(0) 2 J >(2) _
Mjn, + h zzo szF , = 1(1)m,




here Mj and N.

je are matrices defined by

3.3) M. = ’ N., =

If Jl and J2 denote the Jacobian matric
>

espect to y and y', respectively, and if w

aen it is easily verified that a perturbat

perturbation A;(m) in ;(m) which is appro

. j=1 (

3.5) an) o an(® 4 p2 Y N,
] n - JjL

2=0
r alternatively,

27(3) 2 g(3),7€0)

3,5')
G) L@G)
L) _ BT Ri2
G) L)
R0 B

rere the submatrices Réi) are defined by t

NG .

u.I i-!
.6) o M2t i,
1,G) L) 0 1 2=0
R1T Ry

;(0)

the right-hand side f with

e

of ;(0) gives rise to

ly given by

urrence relation

2 (L) (R)
J1 Myefada) (R Rz

2) L)
Ji Byghada) \Ryp" Ry




nd the initial condition

o) _ ,(0) _ o) _ 0 _
Rip” = Ryp” =L, Ry =Ryy” = 0.

e will call method (2.2) stable when R(m)

has all its eigenvalues within
he unit circle; when one or more eigenvalues are on the unit circle we will
all the method weakly stable.

In the general case the analysis of the eigenvalues of the matrix R(m)
s very difficult. Therefore, in this report we have confined ourselves to
he special case where J, = 0, that is we consider equations without first
erivatives. A possible approach for equations with first derivatives might
e a separate treatment of perturbations of ;ﬁ.and ;;, respectively. In the

ear future we intend to publish results of such a stability analysis.

XAMPLE 3.1. Consider the second order method generated by (cf. ZONNEVELD
19641)

3.7)

ccording to (3.6) we have

2D _ ,
hZJ 1+ hJ
nl n 2
1,2 1
R(z) ) I+ i'thl I+ i'thz

2,1 1.2 1
h(I+3h 3,03, I+ 3 hiJ +h J,(T+3h J))

(2) by re-

It is not clear how to derive manageable conditions from R
uiring that its eigenvalues are within or on the unit circle. Only when

ome relation between the eigenvectors of J1 and J2 is known can we say




ore about the stability region. For instance, when J1 and J2 have the same
igenvectors Z(J) with eigenvalues S(J) and GéJ), respectively, then R(z)
as eigenvectors of the form (ajZ(J), ij(J))T with eigenvalues that are the
ame as those of the matrix

2.(3) 1 &))
hnGI I +5h$

~ 2 n2
(2) _

NG| j 1.2.(3 j ;

enoting these eigenvalues by o and putting

- +2:(3) - (i)
z = hnél s W= hnéz ’
e have for the eigenvalues of R(Z) the equation
2 _ 1 2 121 1 2
3.8) o [2+z+wtzw"Ja + [l+wtow —5wz+;2" 1.

e shall derive the real stability region of method (3.7), that is we derive
he region of real z- and w-values where |a| < 1. The most simple way to do

his is the application of the Hurwitz criterion: the roots of the equation

az - Sa+P=20

re within or on the unit circle when the coefficients S and P are real and

atisfy the inequalities
3.9) |s] <P+1, P<1,

pplication to (3.8) yields the inequalities

w5 W %-wz + %—z < 0,
z(1+lw-lz) <0

27 47— 77
4 + z + 2w + w2 - %-wz + %-zz =20




1e last inequality is trivially satisfied; the first two inequalities re-
11t in the shaded region of figure 3.1. This implies that method (3.7) is

1ly stable when the Jacobian matrices J, and J2 both have negative eigen-

1
i1lues. Consequently, differential equations without first derivatives can-

>t be integrated in a stable way by (3.7).

W
-(2+2V/2) -4 r
+—t - >
o
ST 3
1 : s
N S R
! |
| ] X
1 : p
..—-:-;::\\ e ——— e = = -2—/2
_____________ . =4 )
2 1 1 2 _
w o+ 5 LA wz + A z- =10

Fig. 3.1. Real stability region of formula (3.7) when J1 and J2 have

the same set of eigenvectors

STABILIZED FORMULAS FOR EQUATIONS WITHOUT FIRST DERIVATIVES

When f does not depend on d;/dx we have J, = 0 and we may put, without

2
)ss of generality,

l'ol) 8- =0’ j = l,z’olo,m_l’ R,=O’],"o’j_1l

l1e matrices R(J) are now defined by (cf. (3.6))




. I u.I j=1 A. J. O
r4) - R S L B L R TCPE
0 =0 \ 0 0
I I m-1 A J 0
2
R@ _ . hi y LT ¢ )’
0 I 2=0 " \g_,J, O

(m)

rom this it follows that R is a matrix-valued function of hiJl given by

-1 m-1
) AmzzR(z)(z) P+ ] oAy zR( )(z)
. = 2=0
4.2) rR™ 5y = ,
m-1 p . m-1 9
Zo Bmzzkgﬁ)(z) 1 + QZO BmlzRgz)(z)

here Rf?) and sz) satisfy the recurrence relations

3) _ ¢
R = Z ARy
j=1,2,...,m1.
(J) _ (2)
Ri" = Z AiaZRi"s

Let A denote the eigenvalue spectrum of the matrix J,. Then the eigen-

(

1
alues of R(m)(th ) are given by the eigenvalues of R

ln)(h26) where § € A.
hus, we have stab111ty when the eigenvalues of R(m)(h 8) :re within the
nit circle for all § € A. When one or more elgenvalues are on .the unit
ircle, we have weak stability. Furthermore, we define the region where
R(m)(z)l < 1 as the strong stability region and the region where
R™ (2)] < 1 as the weak stability region.

It may be interesting to see how analytically perturbations are approx-
mately propagated when x increases from x tox + hn' To that end we con-

ider the variational equation




> >
(ay) = J,by,

lere A; denotes a perturbation of ;; Formally, we may write

A; = exp(Dx); + exp(-Dx)g,
1ere
p? = 3,
-1
I =250 +D O],
T =2 [47(0) - D431 (0)1.

rom this explicit solution we can derive that

N exp (Dx) exp(-Dx) a
N Ay s
An = N >

' — —
hnAy Dhnexp(Dx) Dhnexp( Dx) b
) that errors are amplified according to
-1 .
cosh(Dhn) (Dhn) 31nh(Dhn)

- -

t.3) An(xn+l) = A An(xn), A=
Dh _sinh(Dh ) cosh(Dh_ )
n n n

(m)

yte that the matrix A is the analytical analogue of the matrix R™ .

1e eigenvalues o of the amplification matrix A are defined by
o - 2coshvza + | = 0,
ire z = hi&, § € A. A simple calculation yields

exp(+/2).

Q
]




ence the formula which gives us the analytical solution is weakly stable

t points on the negative z-axis and unstable at other points.

onsequently, it is realistic to require that the Runge-Kutta method (2.2)
s also stable at points on the negative z-axis. In subsections 4.1 and

.2 we shall try to maximize the negative stability interval under the by-
ondition that storage requirements are low. The resulting formulas are
uitable for the integration of many propagation problems arising in mathe-
atical physics. Below we give two examples of this class of problems.

hese examples are taken from the partial differential equations governing
mportant physical processes. By applying the method of lines the partial
ifferential equations are converted into a large set of ordinary differen-
ial equations of type (l.1). As a consequence, we should take into account
he large number of equations (thousand or more equations) when we actually

onstruct a stabilized Runge-Kutta method (see the following subsection).

ound waves

The propagation of sound waves in fluids can be described by the wave

quation

Bzu - c2 82
Btz

u
9
sz

here t is the time, x the space coordinate and c the velocity of the waves.
. 2,..2 . . . .

y replacing 37 /3x" by a second order difference quotient and restricting

he function u to a discrete set of lines x = xj in the (x,t)-plane, we may

rite

= c2D§,

"
&
[NCY SN

dt

—> 13 .
here the compomnents yj of the vector y represent the function u restricted
o the line x = xj(method of lines). D is a tridiagonal matrix with defi-
ite subdiagonal elements. Such matrices have real eigenvalues; hence the

acobian matrix
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1so has real eigenvalues. A further investigation reveals that all eigen-

-alues are negative, so that the wave equation belongs to the class men-

:ioned above.
‘ar under tension

The vibration of a bar under tension is described by (cf. RICHTMYER &
[ORTON [1967])
22 2 3% |2 92

u u d u
—_— = - — 4+ b —
3t2 8x4 2

3
9x

here a is a measure for the stiffness and b for the tension. Applying the
lethod of lines yields the system -
2
85 - - 2% + vly,
dt

here E is a quindiagonal matrix and D is the same matrix as in the preced-
ng example. It is easily verified that E has positive eigenvalues and the
ame eigenvectors as D, provided that the boundary conditions are periodic
cf. RICHTMYER & MORTON). Hence the Jacobian matrix

2

J1 = - a2E + b D

as negative eigenvalues.

.1. Second order formulas with reduced storage requirements

It is readily seen from scheme (2.2) that storage needed in a computer

o0 implement this method is minimal when

4ob) A. =8, =0 for & < j-1.




=~

ubstitution of these conditions into table 2,1 shows that w

econd order accuracy; this is achieved by putting (m22)

1 1
-y =1, u =§o

4.5) A = -

m m-1 2°

ith these simplifications formula (4.2) reduces to

1 1
1+ 5 zR(m ) (2) 1+ 52 (m ) (2)
R™(z) =
20 D@ 1e &5 V@
there
(m—-1) _ 2
R11 (z) =1+ lmrl m-2 z+ Amrl m-2 Aer m-3 z
m—1
. + Amrl m=-2 *°° AIO z s
(m 1) _ 1
(z) = 2 * Am—l m-2 um—2 z Am—l m-2 >‘m--2 m
m-2
S IR TR
(m)

The eigenvalues o of R" " (z) (the amplification factors

;atisfy the equation
. 2
4.6) a” = S(z)o + P(z) =

/here

S(z) 2 +z + 02z2 + ... + 02
ind

P(z)

2
1 + 1,2 + .00 + 1 12 -0z .
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ne coefficients oj and ﬂj can be expressed in terms of the Runge-Kutta

arameters Aj -1 and uj in the following way

m—1 m—-1

= 0 ] 1
5% mejel M1 Gtpeg) 9y T3

m—1

= T _.!. 3 =
o= mejel Mo (et

»nversely, we can express the Runge-Kutta parameters in terms of the co-

fficients oj and ﬂj, implying that OoseeesOp and ™ o s can be freely

2°°° m-1

10sen; for m > 2 we find

20

A =——m_—_
10 I ’
m1 ml
O ... =T .
A, . =m0l mrl s o (ym-2,
j -1 o__ .=T__.
m=] m—]
7Y
m-1m-2 %27 "2
1| j+"m .
=] T - -
Uj 75 .- ’ J 1(Dm-2.
m-j m-j

>x m = 2 we have

b7'Y) AIO = 202.

Thus, we have arrived at the problem of choosing S and P in such a way
1at the roots of (4.6) are within or on the unit circle for as large a
ange of z as possible. We recall that we would only consider negative
igenvalues §; this means that z only assumes negative values, so that the
irwitz criterion can be applied to equation (4.6) (cf. condition (3.9)).

ibstitution of the polynomials S and P into (3.9) yields the inequalities




(4.8)

We first consider the simplified case
(4.9) c =0; w. =0, j=2,.00.,m~1,

de then have the following minimax problem: determine the coeffici

Ij, j=2,...,m"1, in such a way that the polynomial

1 = 1 1 2 1 - ml
(4.10) ES(Z) =1+3z+ 5092 * . + 350 .z

‘emains between -1 and +1 over the longest possible interval [-B,0

:ype of minimax problem is well known and is solved by

w1y s - Tmr1(1+ Ez;%TSE)’

there Tm_l is the Chebyshev polynomial of degree m-1(cf. VAN DER H
:1968]). For B we have

4.12) 8 = 4(m-1)2.

‘he stability condition now becomes |hi6| < B, where § rumns throug

negative) eigenvalues of J;. Thus
4.13)  p_ < 2ED
Vc(J])

here G(Jl) denotes the spectral radius of Jl. It is convenient to

he effective integration step h ¢ of a method:

4.14) h _ maximal integration step .
: eff number of right-hand-side evaluations’




11s step h indicates the maximal progre

eff
s>st of one function evaluation. In case (4
ep determined by (4.13) at the cost of m
T 0 implies, by virtue of (3.7'), that

2ed to be evaluated!). Consequently,

4.15) b = ——— .
Vo(JI)
>te that h does not depend on m; hence,

eff
s no reason to choose m larger than 2 in t

b.11).
One may wonder whether it is possible t
alues for ﬂj and o than those defined by

aatever “j and o, are, we always have to s
lS(z) < 1.
2

y a similar argument to that used above, t
2 ————
< 4m”~, so that hn < 2m//o(J1) and #eff <
and-side evaluations are to be made (om #
When we substitute (4.9) and (4.11) int

ication factors a

17

method can make at the
. have a maximal integration
ght-hand-side evaluations

0 so that ?(;n) does not

regard to stability, there
e determined by (4.9) and

ease heff by choosing other
The answer is no.

" the condition

ndition implies that
;3 because now m right-
3 )

ies AIO # 0!).

) we obtain for the ampli-

2

hné 2
4.16) a =T _ <l+ ——————-) +\/ T __
1,2 m-1 2(mrl)2 m-]

avealing that the interval [-4(m—])2,0] is
nere are no points of strong stability. Th
nalytical propagation of errors which are
actors a of magnitude 1 (cf. relation (4.3
ften desirable to have a strongly stable £

3.9), we require

4.17) S| sP+p, P<p,0<pc<l,

'né
2)"’
m-1)

nterval of weak stability;

in accordance with the
wmltiplied by amplification
practice, however, it is

.3 therefore, instead of
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by which it is guaranteed that the amplification factors al(z) and az(z)
are bounded by vp(z). In particular, we are interested in damping functions
Yo which are decreasing when |z]| = hﬁl&l increases. In other words, we are
looking for functions which damp out the higher frequencies (eigenvectors
with large negative eigenvalues). By again choosing o, = 0, conditions

(4.17) may be written as

1 R
(4.17%) 718(2)| < p(2),
where p(z) is of the form

(4.18) p(z) =P(z) =1 + nzzz + eee + T
We first consider the special case m = 3 and then we will investigate
higher-point formulas for damping functionsﬁﬁ close to unity. (Notice that

m = 2 always results in a weakly stable formula.)
Two-point formulas

For m = 3 we obtain a two-point formula (remember that we have set
o, =0 which implies Ao = 0 so that f(;ﬁ) is not to be evaluated). The
functions S and p are of second degree and should be chosen as illustrated

in figure 4.1.

-p(z)

Fig. 4.1. Functions S and p for m = 3




t is easily seen that this optimal choice for S and p is de!

elations
p(—8)=l_€’
1
53("B>=1'8,
4.19)
l = -
E’S(zo) = p(zo)!
7 8'(zp) = - 0'(z)
2 0 P 82475

here € denotes the maximal deviation of the function p from

hese relations are easily solved to obtain

€
g = i —_—
2 2 2°
8 2

4.20)
B = 8(1+Vl—e) 216 - 4¢ as € + 0,

he integration formula assumes the form

-> _ > > l 2 > l >
Yp#1 Y * hnyn ) hn?(yn+2hnyn+
B-e . 23(+ .1 B=3e . > ,
4.21) s hnf(yn+2 = h 3y )>,
-> >
Your1™Y
> n+l “n _ >
Yar1 = 2 T h Y’
n
ith the stability condition
2(1+V 1—€) ~ 4—5
< LN T =l o _d4-e _
4,22) hn < 2 O(J]) 2 U(Jl) Zheff’

nd a damping function

19

the




2.\ € 4
(4.23) %)(hnﬁ) ;‘/l - =5 hnS .

[hree-point formulas

The case m = 4 will be treated for € << 1. Analogous to the two-poir
:ase we determine the function S by imposing the '"equal ripple" conditic

(see figure 4.2):

p(—B) =1 - €,
%S(—B) = - (I-e),
3 8(zg) = = plzp),

(4.24)

|
wn
-
—~
N
~
I
I
hel
~
N
o
~
-

4

o

e |

Fig. 4.2. Functions S and p for m = 4
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y choosing for p. a function with vanishing first derivative at z = - B, i.e.
4.25) p(z) =1 + 7 z2 + T z3 =1=~-3 E—-zz -2 E—-z3
2 3 B2 B3 i

ae first condition of (4.24) is satisfied. Thus, we have 5 equations for
25 O35 Zgs 2 and B, leaving € as a free parameter. We solve these equa-
ions for € -+ 0. Firstly, the coefficients 9y and 0y are expressed in terms

f z . From the third and fifth equations of (4.24) it follows that

0
6+z +7,2 2 8+z —-2m,_z
4.26) o, =-2—0.20 5 0 30
: 2 7 %3 .3
0 0

irthermore, from the fourth and sixth equatioms it follows that

. 2
Z = 2 = 0
1 21 ,~0 2°
2 72 ‘6+z0+2ﬂzzo
ubstitution of Oys Og and z, into the sixth equation yields for z the
quation
2, 4 3 2
/, =
4.27) (n3+ﬂ2)zo + Ty2, + 6n2z0 + z, + 9 0.
or small values of € we see from (4.25) that Ty and ﬂ3 are close to zero,
nd hence
4.27") z ¥ -9 + ce as € + 0
here
m,=27T -271r2
2 3 2 ~ 729 18
c = 243 = - (1 - =1.
€ B2 B

ubstitution of 9, and g into the second equation yields for B the equa-

ion

BIBLIOTHEEK MATHEM 4 CENTRUM
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3 2 3 3 _
(4.28) (8+z0)B + 220(6+zo)8 + zOB 4zo = 0.
For ¢ = 0, 1i.e. zy = - 9, this equation is solved by B = 36 in accordance

with formula (4.12). Therefore we may write for z (c£.(4.27"))

9

(4.27'") z, £ -9 - 37 € as € »~ 0.

Ne now substitute for B in (4.28) the expression B = 36 - be and for z,
2xpression (4.27''). Neglecting terms of order ez we find for b the value

), so that
(4.28") B = 36 - 9¢ as € + 0.
Summarizing, the relations (4.26), (4.27) and (4.28) determine a second

rder, three-point formula with (4.25) as its damping function and the sta-

»ility condition

l-%e
hn <6 v (T as e »+ 0.

1

'he effective integration step behaves as

h =/ 4-¢ as ¢ > 0,
eff O(Jl)

hich is identical to the effective integration step of the two-point for-

wmla.

One may ask whether the three-point formula has advantages when compared
ith the two-point formula. Since the efficiencies of both formulas are
qual, the only advantage could be the damping effect of p. In order to com-
are the damping effect we consider the damping function of the two-point
ormula and the three-point formula after three and two maximal integration
teps, respectively (notice that the same integration interval is then covered).

or m = 3 we deduce from (4.23) the damping function
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9 3/2
[ - S]]
or m = 4 we deduce from (4.25) the damping function
2 3
$ 8
1 - 36[6?3T7] ZE[ETETT] .

gure 4.3 the behaviour of these functions is illustrated for small e.

27
37 €4
1-&

3
IEE

v
:

—t - o ——

Fig. 4.3. Behaviour of the damping functions of the two- and
three-point formulas after equal integration intervals

and for ¢ > 0

this figure it may be concluded that the three-point formula has a

sr overall damping, whereas the two-point formula has a better damping
1e higher frequencies. This conclusion does not justify investigating

sr point formulas at this moment, since the efficiency will not become
or for larger m-values and the damping effect will only be smeared out
the eigenvalue interval instead of being concentrated in the large

walue region.
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4,2, Third order formulas

By adding new Runge-Kutta parameters to the formulas considered in the

preceding section, we can achieve third order.consistency. Let us take

Aml and Bml as additional parameters and let us set (m>3)

(4.29) AIO =0

(compare the preceding subsection).

From table 2.1 we find the order equations

1
‘ol Yl T2
_ 1
Amlul + Am n-1Ym-1 = 6
(4.30) Bl * B = 1o
_ 1
Bmlul + Bm mn-1"m-1 = 2°
2 1
Boi®y ¥ Bp m-1"m-1 = 3

and from (4.2) we derive

L+ Oy o (m 1)(z) L+ O (m 1)( )
R(m)(z) - |
(m 1) (mrl)
(Bm]"'Bm m-1 ll (z) 1+ (Bm1“1+8m el 12 (2

where R§1 D and Rf? D are defined as in the preceding section.
The eigenvalues of R( )(z) are given by

2

o

(4.31) - S(z)a + P(z) =

where

s =2+ O+ wz+ D BT D@ v e R ),

m m-]
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P(z) = S(z) - 1 -8, +8 __ RITD(a)z 4

m m-1

- (m-1) _ (m-1) 2
L L Bt TR CO R IR SR CO L
. . m—1 -1
ibstitution of Rfl ) and Rf? ) and of the consistency conditions (4.30)
iLelds
2 -1
S(z) =2+ z + G2 + ooo + om_]zm s
4.32)
P(z) =1+ 22 + + 7 zmr]
27 -t m-1 ?
nere
o2 = (Am m—|+6m m—Lum-z) >‘m—] m-2°
m-1
g, = (A +B VD T D W
3 mm-1 "mm-1"m3 o2 3 j-1°
' m-1
Ont T Qg o1t m—lul) 2 Aj j-1’
+.33) Ty =0y = LBy e rpet me2 = CCpoy7v s

H__,~M m-1

-2 1
T =g - [B _ —CL—] n }\. . N
3 3 m m-l Am—2 o34 m-2 11 1

[ uz-ul] m-1

T =0 =B - = C——— T A, . .,
m-1 m-] | mmnml AZ] g 31 1
¢ = Amlsm m-1 >‘m mrleJ'

Notice that by virtue of our choice (4.29) both S(z) and P(z) are of
egree m-1 in z. Since (4.29) also implies that only m-1 right-hand-side

valuations are involved, we have a similar situation as in the second order
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case provided that we are able to convert the relation
i.e. when we succeed in expressing the Runge-Kutta par
the coefficients oj and nj. Hitherto we have not succe
conversion problem for m > 3. We have therefore confin

to the special case m = 3,

Two-point formulas

For m = 3 we have 7 equations to solve

A3y * A3y =
Agpiy + Agpy = 5
B34y * Baghy = 7
(4.34) By * Byp = 1
B31“? * B32“3 = %3

(A3*H Bgp)hyy = 0y,

Byghoy = Cluymuy) =0, = my,
where

C B

= A31B39 7 A3084,,

From the first five equations we find

1 1=2u,
A3p =7 T A3y By =1 -3 3y, 395
l-2u] 1--3ul
(4.35) Bag =3 735 230 My T W e
1 32
(1-2u1)(1-3u1)
hy =
32 ’

2 1
12(u]-ul+3)

leaving M, as a free parameter.

1is

.ons




By observing that

(1-2u1)
4.36) C = — T
24(u1-u1+§)

ne last two equations yield for A,, the expression

21

2 1
_ 12(ul u1+3)

4.37) A 7 09

2 a-2u ) (-6u))

nd for M the equation
4.38) (60, -6m +l)u2 - 60,u, + 20, + W, - 1. 0
) 2 "2 2771 271 2 2 12 '

f course, we are only interested in real values for My and thus we re-
1ire

J.

4.39) 90% 2 [6(c,~m,) + %JEZUZ *omy - %7'

his condition should be taken into account when we optimize the real ste
ility boundary. An elementary analysis reveals that the above condition

mplies that the optimal situation is as illustrated in figure 4.4,

~p(z)

Fig. 4.4. Functions S and p for m = 3
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Thus, B is determined by the relation

7 S(=8) = - p(-8),

1' e'
1—/1—16(02+2w2)
(4.40) B = .
2(02+2n2)

It is easily verified that B is maximized by

_ 1
02 + 2n2 =16

lenceforth, we shall try to choose 9, + 2n2 as close a

1s is allowed by (4.39). From (4.39) it can be derived

2 1 1 2
302 + (2 6n2)02 'EZ + T, - 6n2 <0,

oY

1 \
3n2- 17~ 12J3 727w +432ﬂ2 < + 2w, < 37

Since the upper bound for 9, + 2ﬂ2 is always less than

is an increasing function of ™, we may conclude that

1

. 1 2 o
- — - 2 =
4.41) o, + 2ﬂ2 3n2 5t 12 3 72n2+43 L

n

%7 (/3-1) + (3—/§)n2 as m, > |

.8 the best choice to be made for 9y + 2w2. For B we ti

1
| 6 - 6'/7—4/?— 16(3-/3m,
4.40") B = — 3 ¥
V3 -1+ 12(3—/3)n2
=7 as m, - 0.

2

ible t

ve

F32ﬂ2.

ind




ly, we express T, in terms of the maximal deviat

in terms of €:

) ﬂ2 = - f% .

B
formulas (4.35), (4.37), (4.38), (4.41), (4.40")
-parameter family (e is a free parameter) of thi

las with effective integration step

£ B~ _1.32
’ hoee =3V &) as € > 0.
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